The charge density wave (CDW) in 1T -TiSe2 accompanied by the periodic lattice distortion has a nontrivial symmetry configuration. The symmetry is important as an indication of the mechanism and a cue for experimental probes. We examine the symmetry of the system and clear up the connection of electronic structures between the normal and the CDW states. Especially, we unravel the consequential irreducible representations (IRs) of electronic states and, more ahead, those of gap functions among bands when the CDW occurs. Normally symmetry-related topology will be achieved directly, so we assert that the theory is valuable and practical for the search of topological CDW insulators.
Introduction.-Transition metal dichalcogenides (TMDCs) have layered crystal structures with weak van der Waals interaction couplings adjacent layers. This feature allows them to be exfoliated in few layers or even monolayers, bringing intensive interest for their appealing electronic and potoelectronic properties [1] [2] [3] [4] [5] [6] . Owing to the low dimensionality, many materials undergo a charge density wave (CDW) phase transition 2, 7, 8 . 1T -TiSe 2 is one of examples and it even shows superconductivity when the CDW is suppressed via doping or pressure [9] [10] [11] [12] [13] [14] . The CDW in 1T -TiSe 2 is commensurate of a 2 × 2 × 2 superlattice 15, 16 . Simultaneous periodic lattice distortion (PLD) 17 was observed from the phonon softening in the L − 1 mode [L − 1 is an irreducible representation (IR) at momentum L] 15, 18, 19 , disclosing the symmetry of the CDW.
The L − 1 CDW is nontrivial for its symmetry indicates an anisotropic character, reminiscent of the d-density wave in strongly correlated systems that breaks local rotation symmetry 20, 21 . The symmetry would intimate the mechanism 23 , determine whether CDW nodes appear in the electronic structure to affect the estimate of T c , produce directional responses 24 , or answer the topology. However, most theoretical studies did not take care of this point [25] [26] [27] [28] . In this paper, we will elucidate the symmetry properties of the CDW state in 1T -TiSe 2 , including the electronic structure and connection to topology.
Starting with a system at high temperatures described by the bare HamiltonianĤ 0 which sustains the symmetry group G 0 , let R i be a symmetry element in G 0 . By definition, its operator representation will commute with the Hamiltonian, i.e. R i ,Ĥ 0 = 0. When a CDW order develops at low temperatures, the mean-field CDW Hamiltonian becomesĤ CDW =Ĥ 0 +∆, where∆ is produced by the CDW order. Because of the CDW term, some symmetriesR i will be broken when R i ,Ĥ CDW = R i ,∆ = 0. Most obvious is the breaking of translation symmetry T as T ,∆ = 0. (Interestingly, for a commensurate CDW the translation symmetry is restored by enlarging the unit cell:T CDW =T M for some integer M such that T CDW ,∆ = 0.) So the symmetry group will be reduced to a subgroup of G 0 , G, which is a subset of symmetry elements isomorphic to those that are left invariant under the CDW distortion in G 0 . Consider that the CDW takes an ordering vector q. The symmetry of the CDW order parameter (OP) will be characterized by the symmetry group of the ordering vectors. We claim that the OP is a one-dimensional (1D) IR of the little group G q 0 , a subgroup of G 0 which contains point group symmetries that keep q invariant. By 1D IR we mean that the OP is an eigenstate of point group symmetryR j ∈ G q 0 with eigenvalue either +1 or −1, i.e.R j∆R † j = ±∆. In addition to those in G 0 but not in G q 0 , symmetries of the CDW state are broken when their corresponding eigenvalues are −1. The origin for this minus sign is that a CDW, in addition to the ordering vector, can contain a vector for the direction of the atomic displacements 29 . Symmetry.-Pristine 1T -TiSe 2 bulk crystallizes in a hexagonal lattice structure. The space group is G 0 = P3m1 and the point group is D 3d . Its low-temperature phase is the triple-q CDW state with three ordering vec- 
between Γ and three inequivalent L points (L 1,2,3 ), respectively. See Fig. 1(a) 
where three components for three ordering vectors are observed. We describe the OP for a given IR by a vector
. φ accompanying the IR will determine the symmetry group (isotropy group). The energy is better for the maximal isotropy group 31,32 so we will take φ ∝ (1, 1, 1).
Referring to the symmetries of OPs in Table I , we can read off the space groups for the four CDW states. The states of mirror eigenvalue −1 have no mirror plane but the glide plane {m [100] |001}, where accompanying a 3 translation produces a complementary −1. Similarly those with parity eigenvalue −1 have the combined symmetry
, the inversion symmetry is actually present with the inversion center at 0, 0, Hamiltonian.-The normal state band structure of TiSe 2 obtained within the density functional theory (DFT) framework using the generalized gradient approximation (GGA) without spin-orbit coupling (SOC) is shown in Fig. 2(a) . There are three states at Γ and a single state at L that cross the Fermi level. Based on the symmetry analysis, the states at Γ belong to two-fold E g and a singly-fold A 2u representations whereas the state at L corresponds to A g representation. The mean-field k · p Hamiltonian for the CDW is expressed aŝ
where the basis
The prime in summation indicates that only low-energy states or k in folded Brillouin zone (BZ) are considered and spin is omitted for brevity. Because of the CDW, states at Γ and L's are coupled by a CDW gap and the same among A and M 's. States at Γ and L's are described by H ΓL as
where H Γ and H L account for the normal-state band structure around Γ and L's, respectively. In
), the former two operators stand for the E g states and the last one for the A 2u . In
, three bands at three L's are included with k being relative to the corresponding L's. The CDW gap ∆ ΓL is a 3 × 3 matrix, which matrix element ∆ ij delineates the CDW potential between ψ † Γi and ψ Lj . We will mainly discuss H ΓL and the same idea applies to H AM . V, which is expected to be weak, is induced by the second secondary OP which is explained later. The Hamiltonians can be established according to symmetry constraints:
where Rk, −k, and Mk are momenta under 3 [001] ,1, and m [100] , respectively. We will define the [100] direction to be x and [001] direction to be z. The relevant symmetry operators read
with
where O = {C 3 , I, M}. As O CDW is block-diagonal, Eqs.
(5)-(7) can determine the form of H Γ , H L , and ∆ ΓL individually. η O reflect symmetries of the OP as the CDW gap matrix follows
where η I , η M (= ±1) and η C3 = 1 are eigenvalues of the corresponding operations for the OP. The four IRs L Although the L − 1 CDW OP has an f -wave symmetry 37 , the CDW gap functions may be different depending on IRs of the composite bands as we will show later. After analysis, we find the gap functions for the L − 1 CDW state to the lowest order of k,
where λ, λ 's are treated real 30 . The rest terms can be obtained according to the rotation symmetry Eq. (10). The gap functions are regarded as couplings among valence bands at Γ and folded conduction bands from L's. Assume that the valence bands and conduction bands in the normal state have energy overlap. In the small gap limit, the gap functions in Eq. (13) will manifest whether bands cross or anticross according to their mirror or twofold rotation eigenvalues. For large gap, multiband hybridization would fail this picture, and we will resort to topological protection.
In Fig. 2(b) , we present the band structure of the CDW state considering PLD. We can clearly see that the CDW gap size is not small around ∼ 0.1 eV and the band structure is complex because of many folding bands. Consistent with the above theoretical analysis, there are two CDW nodes (band crossings between the conduction and valence bands), one at the ΓK line and other along the ΓM line. Taking into account the rotation and timereversal symmetries, there are 12 nodes on the k z = 0 plane. A full BZ exploration of the band structure shows that these nodes persist away from k z = 0 plane and constitute the nodal lines in the BZ, which are illustrated in Fig. 2(c) .
Ginzburg-Landau's theory.-We examine the Ginzburg-Laudau's theory for the L − 1 CDW state. According to the images of symmetry operations to the primary OP (L
the free energy density which satisfies symmetries of the pristine state to fourth order is constructed as
Here α < 0 when T < T c for nonzero φ and β > 0 for stability. Then we seek a secondary OP that is linearly coupled to the primary OP φ in the free energy, by linear coupling which means coincidence of the primary and the secondary OPs 30 . Symmetry requirement suggests that the secondary OP ζ has three components too and the coupling energy reads
where ζ follows the same rules as in Eq. (14) 
where ϕ, named IR A − 2 , is parity-odd, mirror-odd and takes ordering vector IRs of bands.-When we cautiously look at the gap functions in Eq. (13) that all vanish at k = 0, folded bands at Γ result in a threefold degeneracy. However, a threefold degeneracy should not occur as it is not robust in the D 3d group. This puzzle is solved because the concurrent M + 1 mode produces couplings among bands from L's (also among M 's). The triplet from L's splits into a singlet A 1u state and a doublet E u state without breaking symmetry 38 . We emphasize that the parity of the folded bands changes from even to odd due to the CDW OP. In general, the IR of a folded band is the product of IRs of the unfolded band and the OP, written as
This is the key point of this work, which is especially useful on investigating topology. By contrast, folded bands from M 's to Γ, through the secondary M + 1 OP, split into a A g and two E g states. As for bands from A, their parity change sign because of the A − 2 mode. These arguments are well corroborated with our independent firstprinciples band structure results [cf. Fig. 2(b) ].
With IRs of bands, the gap functions demonstrated before become clear. A gap function of two composite bands has the symmetry of the direct product of the two bands' IRs. For instance, we observe that the closest conduction is IR A 1u and valence band is IR A 2u . The gap function for them will be IR A 2g (= A 1u ⊗ A 2u ) that is also known as the i wave outlining a sin(6φ) profile, Fig. 1(b) .
Topology.-After understanding the band crossings from symmetry point of view, now we explain them from the topological side. According to the theory 33 , when inversion and time-reversal symmetries are present SOCfree systems can be classified into semimetals of even or odd number of bulk line nodes, denoted by a set of Z 2 invariants associated with the product of parity eigenvalues of filled bands at the four parity-invariant momenta in a BZ plane. The band crossing will be gapped by SOC and the Z 2 invariants corresponds to weak topological invariants for topological insulators 34, 35 . In the CDW state, the parity product at M 's, L's, and A in the folded BZ will be trivial and only that at Γ is crucial. The former statement is because a band and its folding one at these symmetry points hybridize into a symmetric and an antisymmetric state whose parity product is −1, and even number of bands will give the product of +1. In the case of no band inversion, the parity product at Γ of the CDW state is related to the strong topological invariant of the pristine state when the symmetry of the OP is considered. As a result, the strong topological invariant of the CDW state will be determined by the number (mod 2) of band inversions which involve parity switching on top of the normal state's topology.
Our DFT calculations show that the pristine and the L − 1 CDW states are both topologically trivial. With reference to Fig. 2(b) , three bands at Γ (E u and A 2u bands) inverse with three original at L's without making the parity change since the former's parity product is −1 equal to the latter's. Meanwhile, two bands from A (E u bands) switch with two of three from M 's maintaining the parity product of +1. Consequently, an even number of nodal rings will pierce through the k z = 0 plane as seen in Fig.  2(c) . To further verify our theory, we have tested the band structure of L + 1 CDW state (not show) and find it to be topological nontrivial semimetal consistent with Eq. (18) .
Conclusion and discussion.-We have explained symmetry as well as topology thoroughly in bulk CDW 1T -TiSe 2 . Our first-principles calculations show that the CDW state has nodal band structure where the nodes are protected by symmetry and topology, resembling the Dirac nodes in the spin density wave phase of iron pictides 39, 40 . To date the topological theory is for spin density wave states 41, 42 that concludes Z 2 classification for three-dimensional insulators. However, it does not deliberate questions like symmetry properties of the density waves and the connection to the normal states. We resolve these questions and successfully connect electronic IRs between the normal phase and the CDW phase in symmetry and topology aspects. Although 1T -TiSe 2 is topologically trivial, our theory provides a very powerful guide to anticipate topological phases. We even foresee the theory being generalized to other spontaneous symmetry breaking phases. 
